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ABSTRACT 


In this thesis, we investigate the independence polynomial of a simple graph G. In 
addition to giving several tools for computing these polynomials and giving closed- 
form representations of these polynomials for common classes of graphs, we prove two 
results concerning the roots of independence polynomials. The first result gives us the 
unique root of smallest modulus of the independence polynomial of any graph. The 
second result tells us that all the roots of the independence polynomial of a claw-free 


graph fall on the real line. 
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CHAPTER 1 


DEFINITIONS 


Definition 1.1. A simple graph is a pair G = (V, E) where V is a set of elements 
called vertices, and E is a set of elements called edges which are unordered pairs of 


vertices from V. 


3 4 


Figure 1.1 A simple 
graph with 5 vertices and 
6 edges. 


The figure above gives an example of a simple graph with vertex set V = {1, 2,3, 4,5} 
and edge set EF = {(1, 2), (1,3), (1, 5), (2,5), (8, 5), (4,5)}. In this thesis we only con- 
sider simple graphs, and so we will refer to them only as graphs. If there are multiple 
graphs in consideration, we use the notation V(G) and E(G) to designate the vertex 


set and edge set of a graph G respectively. 


Definition 1.2. Let G = (V, EF), and u,v € V. The vertices u and v are said to be 


adjacent if there is an edge between u and v, i.e. (u,v) € E. 


Definition 1.3. An edge e = (z,y) is incident to a vertex v if v = x or v= y. 


The above two definitions establish some terminology for describing the structure 
of graph with respect to how vertices and edges relate to one another. In the figure 
above, we can see that the vertex 1 is adjacent to the vertex 3. Conversely, we can 


see that the edge (1,3) is incident to vertices 1 and 3. 


Definition 1.4. A subset X of vertices is called independent if the vertices in X are 


pairwise non-adjacent. 


In the above example, the subset of vertices X = {2,3,4} is an independent set 
of cardinality of 3. Furthermore, one can check that there is no independent set of 
cardinality 4. So |X| is maximum. The following definition provides some notation 


for this value. 


Definition 1.5. The independence number of a graph G is the maximum cardinality 


of an independent set in G. We denote this value as a(G). 


Since the maximum cardinality of an independent set in our example is 3, we 
say that its independence number is 3. When working with independent sets it 
is necessary to consider the neighborhoods of the vertices in the graph, defined as 


follows. 


Definition 1.6. Let v be a vertex. The open neighborhood, or just neighborhood, of 


v is defined to be the set of all vertices adjacent to v. We denote it as follows 


N(v) := {u € V|(u, v) € E}. 
The closed neighborhood of v is defined to be Niu] := N(v) U {v}. 


It is necessary to consider these sets since if one vertex is in the neighborhood of 
another, those two vertices cannot appear in an independent set together. Another 
type of set related to independent sets is called a clique. A clique is a set of vertices 


in which every vertex is adjacent to every other vertex. 


One important family of graphs is the family of empty graphs. An empty graph 
is simply a graph with no edges. In this family, the neighborhood of every vertex is 
empty. We denote the empty graph on n vertices by F,. In the special case where 
n = 0, we call this graph the null graph and denote 0 := Ep. This family is important 
since, as we will see later, the graphs in this family serve as a basis for computing 
independence polynomials. 

The independence polynomial of a graph G is the polynomial whose coefficient 
on x* is given by the number of independent sets of order k in G. We denote this 
polynomial [(G; x). So, 

a(G) 
Gia) =: Seen? 
k 


=I 


where c, is the number of independent sets of order k in G. This definition of 
the independence polynomial is the one usually found in the literature. However, 
it is sometimes more convenient to work with a version of the polynomial given as 
an alternating series as we see in chapter 4. The name assigned to this polynomial 
also differs between sources and can be referred to as the independent set polynomial 
or stable set polynomial. In order to get a feel for the definition, we consider the 
independence polynomial of the null graph, [(0,). Since the null graph does not 
have any vertices, c; = 0 for all 2 > 1. We get that co = 1 since every graph has a 
unique subset of cardinality 0, the emptyset. So we have I(),2) = 1. We will make 
heavy use of this fact in the computation of other graphs. The next lemma gives the 


independence polynomial of the single vertex graph known as the singleton. 
Lemma 1.7. The independence polynomial of a singleton is given by 1+ x. 


Proof. Let P(x) = S~f-o(G@)crx* be the independence polynomial of the singleton. 
Since the singleton only has a single vertex, a(G) < 1. So we must only find cp and cj. 


All graphs have exactly one independent set of cardinality 0, the empty set, making 


Co = l. Since the singleton only has one vertex, there is only one independent set of 


cardinality 1, graph itself, making c; = 1. Thus, P(x) = cov® + cya! = 1+ 2. 


With this, we handle the independence polynomials of the most trivial graphs. 
In the next chapter, we build up tools for calculating the polynomial for graphs in 


general. 


CHAPTER 2 


COMPUTING THE INDEPENDENCE POLYNOMIAL 


In order to effectively compute the independence polynomial of a graph, we need 
to build some tools to reduce the calculations to recursively smaller graphs. The 
following results establish 3 tools which, when used in concert, provide an algorithm 
for computing the independence polynomial of finite simple graphs. The goal of 
creating such tools is to be able to find recurrence relations between the independence 
polynomials within a given family of graphs. The first tool we build relates the 


independence polynomials of disjoint graphs. 


Theorem 2.1. Let G, and G2 be two vertex disjoint graphs. Then I(G, U Go;x) = 


Proof. Let G, and Gy be vertex disjoint simple graphs. An independent set of car- 

dinality k in G, U G2 is obtained by taking an independent set of cardinality 7 from 

G, and an independent set of cardinality 7 where 7+ 7 = k. Denote the number of 

independent sets of cardinality k in G; by a, and similarly the independent sets of 

cardinality k in Gz by by. Then the coefficient on x* in I(G, U Gy; 2), call it cz, is 
k 


given by S$ > dmbx—-m. So we have that 


m=0 


a(G1)+a(G2) k 


S- S- Amok ma” 


k=0 m=0 


a(G1) a(G2) 
= ys a, S- bya* 
k=0 k=0 


= 1(G,;x)I(Go; 2). 


I(G U Go; xr) 


With this, we have reached the desired conclusion. 


The next result is the most useful of the three. It provides a recurrence which 
allows us to decompose the independence polynomial of a graph vertex by vertex. 
That is, it relates the independence polynomial of G = (V, E) to the independence 
polynomial of G—v := (V —v, E — {(u,v)|u € N(v)}) for some vertex v € V(G). In 
general, iff U CV,G-U:=(V -U,E — Usev{(u, v)|u € N(v)}. 


Theorem 2.2. Let G be a simple graph andv € V(G). Then I(G; x2) = 1(G—v;2)+ 
z1(G — N{v}; 2). 


Proof. Let G be a simple graph and v € V(G). We separate the independent sets 
of G into two sets. In the first set, we have independent sets which do not include 
v. In the second set, we have independent sets which include v. Clearly these two 
sets form a partition over all the independent sets in G. The polynomial [(G — v; x) 
counts the independent sets without v. The polynomial [(G — N{v];x) counts the 
independent sets which do not include v or any of its neighbors. In order to recover 
the independent sets which include v, we take independent sets in G—N|v] and add in 
v. When we add in v, we get back independent sets because G— Nv] does not include 
any neighbors of v. Then we have that «/(G — N|v];a) counts the independent sets 
which include v. We multiply by x since the addition of v increases the cardinality of 


each set by 1. Now that we have expressions which count the independent sets with 


and without v, we can conclude that [(G; x) = I(G —v;x7) + a1(G — Nl]; 2). 


Corollary 2.3. Let K be a clique of a graph G. Then 


I(G;x) = 1(G— K;x) + S¢ «l(G — N{v};2). 


veK 


Proof. We prove this by induction on ||. In the base case, || = 1, and the problem 
reduces to theorem 2.2. Assume the result holds for |K'| =n. Let K be a clique with 
|K| =n-+1 and let v € K. Since K is a clique, K — v is also a clique. Then by the 


inductive hypothesis 


By theorem 2.2, 


W(iG-(K-v);2) = I(G-—K;2)+a1(G— (Kk —v)—Nv};2) 


= I(G-—K;2)+21(G — Nv]; 2). 


Combining these two we get 


I(G) =1(G— K;x) + S¢ rl(G — N{ul;z). 


uc k 


This completes the induction. 


When used together, theorem 2.1 and theorem 2.2 are enough to compute the 
independence polynomial of a graph G. Removing a vertex from G, as is necessary 
in the above result, can cause G to be separated into two connected components. At 
this point, we must use theorem 2.1 and take the product of the independence poly- 
nomials of the connected components. It is, however, not always more advantageous 
to decompose G by removing vertices. There are some classes of graphs for which 


decomposing G be removing edges is better and yields a more obvious recurrence. 


Our third result gives us a tool to do just that. First we introduce notation for re- 
moving edges from a graph. We define G\e := (V, E — e) to be the graph obtained 


by removing some edge e from the edgeset of G. 


Theorem 2.4. Let G be a graph and e = (u,v) € E(G). Then I(G;x) = I(G\e; x) — 
x?I(G — (N[u] U N[v]); 2). 


Proof. Let G be a graph and e = (u,v) € E(G). The polynomial /(G‘\e; x) counts 
every independent set in G as well as new independent sets which include both vertices 
u and v. So, we must adjust [(G\e; x) be removing these sets from the count. The 
polynomial /(G — (N[u] U N{v]);xz) counts all the independent sets which do not 
include u,v, or any of their neighbors. Then, if we add back in wu and v, we get all 
the independent sets which involve both u and v. These sets are counted by the 


polynomial x77(G — (N[u] U N[v]);xz). Then we have that I(G;x) = I(G\e;x) — 


x°I(G — (N[u] U N[v})) as desired. 


As mentioned above, employing these tools together gives us a method for com- 
puting the independence polynomials of finite graphs recursively. In order for this 
recursion to stop, we must eventually reach graphs which have known independence 
polynomials. To this end, we prove a short lemma concerning the independence 


polynomial of empty graphs. 


Lemma 2.5. The independence polynomial of an empty graph G of order n is given 


by 1(G;z) = (14+ 2)”. 


Proof. Let G be an empty graph of order n, E,,. Then G is the union of n disjoint 


singleton graphs. Now, if we apply induction on n we can use theorem 2.1 and 


lemma 1.7 to reach the desired result. 


Using the above lemma in combination with theorem 2.4 gives us a recursive algo- 


rithm for computing the independence polynomial of a graph by removing only edges. 


The previous lemma ensures that this algorithm does indeed terminate since recur- 
sively removing edges will eventually lead to empty graphs. The lemma also leads to 


an early termination of the algorithm described using theorem 2.2 and theorem 2.1. 


A Visual Representation 


When computing the independence polynomial of a graph using the above method, it 
can be very easy to get lost in the notation. After only one or two levels of recursion, 
it becomes difficult to readily distinguish one subgraph from another when using a 
hand-written, text-based notation. To address this problem, we use a visual aid in 
the form of a rooted tree of subgraphs. At the root of the tree, we have a node which 
is the original graph whose independence polynomial we are trying to calculate. On 
the next level of the tree, we introduce two nodes. The first node represents the first 
term in the sum from theorem 2.2, and the second node represents the second term 
in the sum. So in the first node, we place the subgraph G — v, and in the second 
node we place the subgraph G — Nv]. Since the second term in the sum comes with 
an additional factor of x, we must provide some notation for this in our tree. To 
accomodate the extra factor, we place an x along the edge connecting the node for 
G and the node for G — N|v]. Continue level by level, applying the process to each 
non-empty graph within the same level until each leaf of the tree is an empty graph. 
As an example, we use this method to compute the independence polynomial of the 
random graph shown in Figure 1.1. 

We can read off an unsimplified expression of the independence polynomial from 
the tree above. To do so, we look at the leaves (the empty graphs). Each of these 
leaves is an empty graph, so we can use lemma 2.5 to express their independence 
polynomials individually. For every leaf, we trace the path from the root node down 
to the leaf and count how many factors of x we accumulate along the way. We then 


multiply the independence polynomial of the empty graph in the leaf node by the 


Figure 2.1 ‘Tree for example graph. 


appropriate power of x and add the resulting expression to a running sum. Once 
we have visited every leaf, the final sum gives us the independence polynomial of 
the original graph. In the above example, the independence polynomial is given by 
(l+a)+a(1+2)+2=27 +42? +5241. 

This visual representation can also be easily augmented to work with theorem 2.4 
as well by appropriately changing which subgraphs get placed in the child nodes and 
using —2? instead of x. 

In addition to the independence polynomial, one might also be interested in cal- 


culating its derivative. The following theorem gives us a formula to do so. 
Theorem 2.6. The derivative of I(G;x) is given by 


I'(G;z)= S> I(G—N{v];2). 
veEV(G) 


Proof. We prove the statement by induction on the order of G. If |G] = 0, 1(G;x) = 1 
and T'(G;a) = 0. I |G) = 1, 1G) = 1+a and (Gia) =] 1 =] ITs) = 


10 


I(G — N{v};z). Assume the statement holds for graphs of order less than n, and 


let G be a graph of order n. We use theorem 2.2 to get the following: 


(G;z) = I(G—v;2)+a21(G— N|v];z2) 
4 
'(G;2) = I'(G-v;2)+1(G— Nv]; 2) + 21'(G — NIv]; 2) 
et I(G-N{vj;2)+ SS I('G-v—N{ul;2) 
uwEV (Gv) 
+ S > «#l(G— Nv] — N[u];2) 
u€V (G-N{v]) 
= I(G—N{v];x)+ Fea 
+ YO (U(G-v-Nfu;x) +21(G— N[ul - Nl;z)) 
u€V(G—N{e]) 
= I(G—Nlvj;z)+ So 1G-—Nujsz)+ S> 1(G—N{u];2) 
uEN(v) ueEV(G-N{v]) 
= YS) I(G—N{u};2). 
weV(G) 


This completes the proof. 
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CHAPTER 3 


INDEPENDENCE POLYNOMIALS OF COMMON GRAPHS 


In this chapter, we define several common classes of graphs and compute their inde- 
pendence polynomials. Depending on the complexity of the graph, its independence 
polynomial can have anywhere from a trivial recurrence relation to a much more com- 
plicated one. The families of graphs to follow are ordered based on the complexity of 
the recurrence relation for their independence polynomials. 

The Star graph of order n is a graph on n+ 1 vertices. This graph is formed 
by starting with a single vertex and adjoining n leaves. We denote this graph S),. 
Below we give a representative example of the graph, S;, along with a table of the 


first several star graphs. 


Figure 3.1 The star 
graph of order 5, Ss 


In order to calculate the independence polynomial for the graph, we apply theo- 
rem 2.2, choosing the central vertex as the vertex to remove. We can see this visually 
below where we apply it to S3. 


In the left leaf, we have an empty graph on 3 vertices, and on the right we have 


12 


Table 3.1 The first 5 Star graphs 


So Si So 53 S4 


Figure 3.2 Tree for S3. 


the null graph. So, the independence polynomial for S3 is given by (1+ 2)? +2 = 
2+327+4r+1. Likewise, if we start with S,,, we get an empty graph on n vertices in 
the left leaf, and the null graph in the right leaf. Hence, the independence polynomial 
for S,, is given by I(S,;x) = (14+ 2)"+¢a. 

While it is not necessary to come up with a recurrence relation to calculate 
I(S,;x), we give it for the sake of completion as we will give a table of common 
graphs along with their polynomials and recurrence relations at the end of this chap- 
ter. To see the recurrence we apply theorem 2.4 to S,, and any of its edges. As 
demonstration, we apply the theorem to $3 

From the above figure, we can see that I(S3; 7) = (1+2)I(So;2) — x?. Similarly, 
if we apply this to S, we see that I(S,;2) = (1+ 2)I(Sp_1;x) — x*. With this, we 
have a single term linear recurrence relation for the star graph with [(.S9;7) =1+<2 


as the base case. 
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Figure 3.3 Tree for S3, removing 
edges. 


The Complete graph on n vertices, denoted K,, is the graph where every vertex 
is adjacent to every other vertex. Below we give a table of K,, for n up to 5. 


1 


Figure 3.4 The complete 
graph, Ks 


Table 3.2 The first 5 Complete graphs 


iy Ko K3 Ky Ks 


In order to see a recurrence relation for the independence polynomial of the com- 


plete graph, we use theorem 2.2. Since K,, is symmetric, any vertex we choose to re- 


14 


move will yield the same result. So, we pick any vertex v € V(K,,). Then we have that 
I(Kn;2) = I(Ky,—v; 2) + 21(K,— Nv]; 2) = [(Kn-13 2) +21 (0; 2) = [(Kn-13 2) +2. 


This recurrence can be seen a bit more easily in the figure below. 


x 
@ 6 
x 


Figure 3.5 Tree for K4. 


In the figure above, we calculate the independence polynomial of Ky. The re- 
currence relation can be seen on the first level of the tree, where the left node is a 
K3 and the right node is the null graph. The recurrence I[(K,;2) = I(Kn_-1; 2) + 
can readily be solved, as it only adds a single x term on each step in the recursion. 
Solving the recursion gives us that [(K,;x2) = nx +1. We can quickly check this 
against the independence polynomial given for K4 above to see that the two agree 


with each other. 


The Barbell graph of order n is a graph on 2n vertices which is formed by joining 
two copies of K, by a single edge, known as a bridge. We denote this graph Bary. 
In the table below we give Bar,, for n € {3,4,5}. However, the construction extends 


to n = 1,2 and is consistent with the equation we find for I(Bar,, x). 
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Figure 3.6 The 
barbell graph of order 
3, Bars 


Table 3.3 The first 3 non-trivial Barbell 


graphs 
Bar3 Bar, Bars 


We start by calculating the independence polynomial directly using theorem 2.4. 
We apply the theorem choosing the bridge, call it e = (u,v), as our edge to remove 


Then we have that I(Bar,;x) = I(Bar, — e;x) — 27I(Bar, — (N[u] U N[v});2) = 


I(K,U Ky; x) —271(0; 2) = (1+nzx)? —x?. We demonstrate this visually in the figure 


below. 


Figure 3.7 Tree for Bar3, removing 
edges. 


In the tree above, we calculate the independence polynomial of Bar3. The left leaf 
is Barz with the bridge removed, and in the right leaf is Bar3 with the neighborhoods 


of the vertices of the bridge removed. Since the neighborhoods of each vertex contains 
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K3, the right leaf in the tree above contains the null graph. Now, in order to see the 
recurrence relation, we apply theorem 2.2, removing one vertex from each side of the 


barbell. We illustrate this below using Bary. 


p< 


Figure 3.8 Tree for Barg. 


In the figure above, the leaves of the tree contain Bar3, K3, and Ky. Reading 
off the independence polynomial from the tree, we get [(Bary;x) = I(Bar3;x) + 
x(I(K4;x2)+I(K3;2)). If we were to do the same to Bar,, we would get [( Bary; x) = 
I(Barn-1; 2) + o([(Ky; 2) + T(hy-1;2)) = I(Barn_1;2) +2(1+nea+1+(n—-1)r) = 
I(Barn_1;2) + 2x + (2n — 1)x?. With this, we have a recurrence relation for the 


Barbell graph. 


The Book graph is a graph on 2(n + 1) vertices formed by taking n + 1 copies of 
Ky, one acting as a central hub for the others, and the other n copies joined to the 
central hub by two edges, one per vertex. We denote the Book graph as B,,. A more 
concise way to define this graph is by the Cartesian product B, = S, x K2, where 


S, is the Star graph and Ko is the Complete graph on 2 vertices. Below we show the 
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Book graph for n € {3,4,5}, but the graph is defined for n as low as 0. 


Figure 3.9 The book 
graph of order 3, Bs 


Table 3.4 Examples of the Book graph 


Bs By Bs 


We would like to be able to find a recurrence between /(B,; x) and the polynomials 
of previous instances of the graph with coefficents that do not depend on n. However, 
such a recurrence is not obvious using theorems 2.2 and 2.4 alone. So, to the end 
of finding such a recurrence, we start by calculating the polynomial directly, without 
a recurrence relation. To calculate the independence polynomial of the Book graph 
directly, we make use an auxiliary graph which call the 2-Star graph. We define the 
2-Star graph of order n to be a graph on 2n +1 vertices which is formed by extending 
the Star graph by extruding an additional leaf from each leaf of the Star graph. We 
denote this graph by $?. To see the connection between the independence polynomial 
of the Book graph and that of the 2-Star, we apply theorem 2.2, removing one of the 
vertices in the central hub of the book. This can be seen in the illustration below. 

In the figure, the left node contains S3 and the right node contains the empty graph 
of order 3. So the independence polynomial for B3 is given by I(B3; x) = I(.$3;x) + 


x(1+2)%. Removing the same vertex in B,, gives us that I(Bn;x) = I($?; 2) +2(1+ 
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Figure 3.10 Tree for Bs. 


x)". This reduces the problem to computing [(S?;x). We approach this the same 
way as we approached computing /(S,,;2). That is, we apply theorem 2.2 choosing 


to remove the central vertex of $?. We can see this below using $3 as an example. 


Figure 3.11 Tree for auxiliary graph. 


In the figure above, the left node contains 3 disjoint copies of AK and the right node 
contains the empty graph of order 3. This gives us that [(S3?; 2) = (1+2r)?+a(1+2)°. 
Doing the same to S? yields a tree with n disjoint copies of Ky in the left node and 
the empty graph of order n in the right node. Hence, [(S?;x7) = (1+2z2)"+2(1+2)”. 
Now that we know the indepedence polynomial of S?, we can compute the polynomial 


for the Book graph. We have I(B,;x) = I(S$?;2)+a2(1+ 2)" = (1+ 22)"+2(1+ 


x)" +a(14+ax)" = (14 22)" +2r(14+ 2)". 

We can see a recurrence relation for [(B,;x) by using theorem 2.2 twice, each 
time removing a vertex of the same page of the book. This will break our expression 
for the [(B,;x) into three parts. The first part involves B,_; and the other two 


involve $?_,. We demonstrate this below using Bs. 


Figure 3.12 Tree showing recurrence for [(B3; x). 


In the figure above, we see that the right-hand nodes are all the same. This 
behaviour is the same no matter the choice of n. So we see that we have the recurrence 
I( By; 2) = I(Bn-1;2) + 221(S?_,;2) = I(By_1;2) + 22[(1 + 2x)" 4+ 2(1+2)""4]. 
Using the fact that [(B,; x) = (1+2x)"+2zx(1+2)", we can manipulate the expression 
as follows to find a recurrence relation for [(B,,;2) whose coefficients do not depend 


on 7. 
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Ben) = 18, eer sey Soon 
= I(Bn-1;2) + [627 + 22 — 22(1 + 2r))(1+2)"" 
+ [82+1—(1+2)|(1+22)""" 
= I(Bn-1;2) + (844 1)[2x(1 + 2)""1 + (14+ 22)"")] 
— (1+2)(1+22)[20(1 + 2)" + (14 22)""?] 
= I(By132) + (3¢+1)1(B,_1;2) — (1+ 2)(1 + 22)1(B,_2; 2) 


= (3¢ +2)I(B,1;2) — (1+2)(1+ 2x)I(By_9; 2) 


So we have a found a 2-term recurrence relation for [(B,;x) with base cases 


I(Bo; x) = 1+ 22 and I(By;z) = (1+ 2x2) + 22(1 +2). 


The Cocktail Party graph of order n is a graph on 2n vertices. The graph is formed 
by taking n pairs of vertices such that the vertices in any one pair are adjacent to both 
vertices in any other pair. Furthermore, there is no edge between the two vertices 


within any given pair. 


Table 3.5 The first 4 Cocktail graphs 


CP, CP, CP; 


We find a recurrence relation for [(C'P,,; x) by fixing some pair of vertices (u, v) 


as described in the construction on C'P, and applying theorem 2.2 removing u and 
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Figure 3.13 The 
cocktail party 
graph of order 3, 
CP; 


v, one for each application of the theorem. We demonstrate this on C'P3 in the figure 


below. 


Figure 3.14 Tree for C’P3. 


After the removal of the first vertex in the pair, say u, we get CP, — u in the left 
node and the singleton in the right node. On the next level, we apply theorem 2.2 to 
CP,,—u removing v this time. After the removal of v, we get C'P,,— {u, v} = CP,_1 in 


the left node and the null graph in the right node. This gives the recurrence relation 
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I(CP,;2) =1(CP,-1;2) +2(14+2)+2=1(CP,-1;2)+2(24+ 2). 


We note that CP) = 0 and solve this recurrence as follows 


I(CP,;z) = I(CP,-1;2)+2(2+2) 


= I(CP,-9;x)+22(2+4+ 2) 


= I(CP,4;2)+ix(24+ 2) 
‘= (0:2) +na(2+2) 


= l+nz(2+2). 


With this we have an closed-form representation of I[(CP,; x). 


The Complete Bipartite graph, denoted K,,,,, is a graph on m+ n vertices. The 
vertices in Ky, are partitioned into two independent sets A and B, where |A| =m, 
and |B| = n. Additionally, every vertex in A is adjacent to every vertex in B. For 


our purposes, we will assume that m > n. 


Table 3.6 The first 4 Complete Bipartite 
graphs 


Kia Ko» K33 Kaa 
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Figure 3.15 The 
complete 
bipartite graph 
K33 


We start by finding a recurrence relation for [(Kyn, x). Let u€ A and v € B. To 
find the recurrence, we apply theorem 2.2 twice, removing first u and then v. This is 


demonstrated below on K3 3. 


Figure 3.16 Tree for K3¥. 


We first apply the theorem to K,,,, removing u giving K,,, — u in the left node 
and the empty graph on n— 1 vertices in the right node. On the next level, we apply 
theorem 2.2 to K,,, — u removing v this time, giving K,~1,—-1 in the left node and 
the empty graph on n — 1 vertices in the right node. This gives us the following 


recurrence 
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(Kui) =1( Ka ap aye) + 2a a), 


We note that I(Ko,0;2) = 1 and solve the recurrence as follows 


T(Kanit) = I(Kn-1n-1;2) + 22(1+2)"" 


= I(Kn-on-2}2) + 22(1 +2)" ?4+22(1+2)"" 


= I(Kn-in-i3t) +22 ((1+2)"" 


k=1 
"= 1 — Qa(1 +2)" + 2c 001 4+-2)"-* 
k=0 
1-—(14+ 2)" 
= 1—27(1 "42 
ele) + T-(+2) 


= Al+2)"-1. 


With this we have reached the desired closed-form of [(Ky,,; x). 


The Sun graph, also known as the Trampoline graph, of order n is a graph on 2n 
vertices. This graph is formed by starting with a copy of K,. One then enumerates 
the vertices of K,, as U1, V2,..-,Un- For each pair of consecutive vertices uv; and v;41, 
1 <i <n, one adds a new vertex u; which is adjacent to uv; and vj;,1. Since v, is 


adjacent to v1, we say Un, := v,. We denote the sun graph of order n by T). 


Table 3.7. The first 4 Trampoline graphs 


ie ie ie ie 
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Figure 3.17 The sun 
graph of order 5, Ts 


We calculate /(T;,; x) by applying theorem 2.2 n times, removing v; (as described 


in the definition) at the ith step. This is demonstrated on 73 in the figure below. 
An a 
x 
x S 


Figure 3.18 ‘Tree for 73. 


When we remove v; during the application of theorem 2.2, we will get the empty 
graph on n — 2 vertices in the right node since the neighborhood of v; consists of 
all v1,...,Un (as these vertices induce a complete subgraph) and only two of the 
additional vertices. After the nth application of theorem 2.2, we get the empty graph 


on n vertices in the left node. After the nth application of the theorem, then, all 
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the leaves in the tree are empty graphs, and so we can read off the independence 
polynomial. Since we only ever need to apply the theorem to the left node, we have 
only one left node leaf, the empty graph on n vertices, and n right node leaves that 


are empty graphs on n — 2 vertices. This gives us that 


I(Tajz) = (1 +2)" +ne(1+2)"? = (142) 7((1+2)? + nz). 


To see a recurrence for I(T; x), we observe the following 


ita) S142)" 7 (b+ 2)? +n) 


I(Tn132) = (L+2)"°((1+2)’ +na—2) 


(l+oa)l(T,132) = (l+2)"?(14+2) +nz)-—2(14+2)""? 


We conclude that 


I(T,32) = (1 +2)I(Th-1j2) + 2(1 +2)". 


With this we have both a recurrence and closed-form representation of /(T;,;x) as 


desired. 


The Crown graph of order n is a graph on 2n vertices. The graph is formed by 
first taking a complete bipartite graph K,,,, with bipartition A,B. Enumerate the 
vertices of A as {a1,d2,...,G@,} and the vertices of B as {bj, bo,...,b,}. We then 
remove the edges (a;,b;) for 1 <i < n, the resulting graph is the crown graph of 


order n. We denote this graph Cry. 


yas 


Figure 3.19 The 
crown graph of 
order 3, Cr3 


Table 3.8 The first 4 Crown graphs 


@ @ , , 
Crs 


Cry Cro Cr, 


In order to find a recurrence for J(Cr,;x), we apply theorem 2.2 twice, removing 


the vertices a, and b, respectively. We demonstrate this in the figure below with C’r3. 
(38) x 


Figure 3.20 ‘Tree for Crs. 


On the first application of theorem 2.2 we remove a, and get Cr, — a, in the left 
node and in the right node we get a graph which is one vertex adjacent to n — 1 other 


vertices. This is the (n — 1)-claw. We define the n-claw to be the graph which is a 
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single vertex adjacent to n other vertices. On the second application of the theorem 
we remove b; and get Cr,_; in the left node and the empty graph on n — 1 vertices 


in the right node. If we denote the n-claw as H,, we have that 


T(Crp; 2) = I(Cra_1;2) + 2(1 +2)" ' +21(H,; 2). 


If we can determine a closed-form for [(H,,; x), we have found a recurrence relation 
for I(Cr,; x). Indeed, we can easily determine I(H,; x) by application of theorem 2.2 
removing the central vertex of the n-claw. This gives that [(H,;x) = (1+2)"+ 2, 


and so 


I(Crajz) = 1(Crp_1;2)+x(1t+a)" ++a((1+z2)"+2) = I(Crp_13 2) +2a(1+x2)" 1+". 


We note that [(Cro; x) = 1 and solve this recurrence as follows: 


Cres) = J(Cryass) + 2c +a) +e" 


= I(Crpi3z) + ix? +22 S-(1+2)"* 
k=1 


"= 14 ng? —2e(1+2)"+2e 7 (1+2)4 
k=0 


2 : es la a 
= 1+na?—20(1 +2) 20 ( a) 


= A1+2)"+n2*—-1. 


This completes the computation of [(C'r,; x). 


The path graph of order n is a graph on n vertices, denoted P,. This graph is 
defined by P,, = (V, E) where V = {v,|1 <i < n} and E = {(u%, vigi)|1 < i < nh}. 
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(The order of the path graph is often defined to be the number of edges in the path. 
We define the order to be the number of vertices since it makes the indexing behave 
a little nicer in the sense that we can define Po = (0,0). This makes the calculation 
of the independence polynomial of P,, a bit simpler.) 


Figure 3.21 The path 
graph of order 3, P3 


Table 3.9 The first 4 Path graphs 


P, P, P Py 


We can very quickly find a recurrence relation for I(P,,;2) by applying theorem 2.2 


removing v,. We see this below with P;. 


Figure 3.22 ‘Tree for Ps. 


On the application of theorem 2.2, we get P,,_, in the left node and P,_» in the right 


node. This gives us the recurrence relation 


Pet) Sd Py4ee } ae (Pas 
In order to solve this recurrence we use a characteristic equation. The characteristic 


equation corresponding to the above recurrence is 
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r°—-r—x=0. 


This gives 


ltJS14+4r Ilts 
= = 
2 2 


where s = 1+ 4a. Then we have the following: 


1 % 1- 
Pea) = a ( —) Fea ( *) 
I( Po; x) = Cq+e=1 

1 1- 
(P32) = a ( =) rea ( *)=1+e 


2 


1+2r+4+ 8s 

q = — 
: 28 

_ s—l—-2¢ 
an 28 


And so 


nas) = (EE) BY 6S) GY 


ot aa l(a + 27 +s)(1+s)"4 (s —1-22)(1 — s)"| 


This is a closed-form for I(P,,; x) as desired. 


dl 


The Cycle graph of order n is a graph on n vertices formed by taking a Path 
graph on n vertices, P,,, and identifying the first vertex of P, with the last vertex so 


that they become a single vertex. 


Figure 3.23 The 
cycle graph of order 
5, Cs. 


Table 3.10 The first 3 Cycle graphs 


C3 C4 C5 


We find an expression for [(C;,;2) by applying theorem 2.2 removing any vertex. 
On application of the theorem we get P,_; in the left node and P,3 in the right 
node. We see this with Cs in the figure below. 


So we have 


HOG 7a) = 1 Pe) Ea Pe). 


Since we have a closed-form representation of [(P,;x), we have a closed-form for 


I(C,; x) as well. Substituting the closed-forms in the above expression gives us 
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iG) = 


where s = /1+4z. 


Figure 3.24 ‘Tree for Cs. 


T(Praij3 ©) + 1 (Pra 2) 


= (1 + 2a + s)(1 +)! + (s— 2x -1)(1—s)""] 
+o (1 + 2a + s)(1 + 8)""* + (s — 2x — 1)(1-s)""4] 


sor[(1 +20 ts) +5)? + (1+ 20 —5)(1— 5)" 


The wheel graph of order n is a graph on n+ 1 vertices. This graph is formed by 


taking a copy of C,, and adding a central vertex which is adjacent to every vertex in 


C,. We denote the wheel graph of order n by Wy. 


Table 3.11 The first 3 Wheel graphs 


W3 W, Ws 
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Figure 3.25 The 
wheel graph of order 
5, Ws. 


To find an expression for [(W,,; 7), we apply theorem 2.2 removing the central vertex. 


We demonstrate this below with W3. 


Figure 3.26 Tree for W3. 


On application of the theorem we get C, in the left node and the null graph in the 


right node. This gives us that 


IW, 32) = Cyn) +x: 


Since we have a closed-form representation of I(C,;7), we have one for I[(W,; x) as 


well. Making the substitution for [(C,,; x) gives us 
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I(W,;2) = I(Cyjx) +2 


= salt +2r7+s\(1+s)"7+04+22—s)(1—- a ag 


where s = /1+4+ 42. 


The pan graph of order n is a graph on n+ 1 vertices. This graph is formed by 
taking a copy of C’, and adjoining a leaf to one of its vertices. We denote this graph 


by Panny. 


Figure 3.27 The pan 
graph of order 5, Pans 


Table 3.12 The first 3 Pan graphs 


Pan Pang, Pan 
3 5 


We find an expression for [(Pan,;x) by applying theorem 2.2 removing the leaf 


vertex. This is demonstrated on Pang in the figure below. 
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Figure 3.28 Tree for Pans. 


On the application of the theorem we get C’, in the left node, and we get P,_; in the 


right node. Then 


1 Ponies) =I ae) al (Pate). 
Since we have closed-form representations for both [(C,,;x) and I(P,;x), we have a 


closed form for [(Pan,;x) as well. Substituting [(C,;x) and I(P,-1;x) we get 


I(Pary;z) = I(Cy;x)+21(Py12) 
- = l(a + 2x +s)(1+s)"7%+(1+2r—-s)(1- 8)" 
+5 [(1 + 20 + s)(1 +s)" ? + ( —2¢ —1)(1—s)"4] 
2 = [ta +n +s)(1+5)"2(24+-2(1 +8) 


+(1+ 2m —s)(1— s)""?(2— 2(1- s))| 


This gives us a closed form for [(Pan,; x) as desired. 


The d-regular Caterpillar graph of order n is a graph on d-n vertices formed by 


taking a copy of the path graph of order n, P,, and adjoining d vertices (pairwise 
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disjoint) to each vertex along the path. We call the path portion of the caterpillar 


the spine and the leaves adjoined to the spine the legs. Denote this graph as Cat?. 


Figure 3.29 The 3-regular 
caterpillar graph of order 3 


Table 3.13 The first 3 non-trivial 3-regular caterpillar 


graphs 
Cat? Cat3 Cat3 


We can find a recurrence relation for [(Cat@; x) by applying theorem 2.2 removing 


the first vertex in the spine. This can be seen in the figure below with Cat3. 


Figure 3.30 Tree for Cat3. 


On application of the theorem we get Cat?_, together with d pairwise disjoint 
vertices in the left node, and we get Cat¢_, together with d pairwise disjoint vertices 


in the right node. This gives us that 
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I(Cat?; x) = (1+ 2)*I(Cat? 


n 


_px)+ta(1+ wt Cats ec). 


We solve this recurrence using its characteristic equation: 


r= (1+2)*r —2z(1 +2)? =0. 


Solving this yields 


a (lta)? /(1+2)4((1+2)4 +42) _(4aytee 


2 2 
where t = va +2«)4((1+2)¢+ 4x). Then we have the following 


I(Cat4;2) = (O48 *) ro, (O42 1) 


I(Caté;z) = ata=1 
(Cts) pep (CPT) tay 


1(Cat?: 


Solving the system of equations given by [(Caté: x) and I(Cat?; x) gives 


(l+a)?+2x+t 


an 2t 
t—2x—(14+2)4 
CQ = 
2t 


And so, 


1(Cat4:«) = (eters) (e+2 “) 
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With this we have a closed form for I(Cat?; x) as desired. 


The Sunlet graph of order n is a graph on 2n vertices. This graph is formed by 


taking a copy of C’,, and adding a leaf to each of its vertices. 


Figure 3.31 The 
sunlet graph of 
order 3, Suls 


Table 3.14 The first 3 Sunlet graphs 


SuLs Sul, SuLs 


We calculate the independence polynomial of SuL,, directly. To do this, we ap- 
ply theorem 2.2 removing some arbitrary vertex from the cycle in Sul,. This is 
demonstrated with Suny, in the figure below. 

When we apply theorem 2.2 to Sun, as described, we get the disjoint union of a 
singleton and Cat}_, in the left node, and we get the disjoint union of the emptygraph 
on 2 vertices and Cat;,_, in the right node. We found a closed-form representation of 
I(Cat?; x) above, so we have a closed form for [(Suny; 2) as well. Substituting what 


we know about [(Cat!; x), we get 
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Figure 3.32 Tree for Suly. 


I(Sungje) = (1+2)I(Cat)_.;2)+2(1+2)I(Cat,_,; 2) 
1+ cal e 


a 
+2)(= ——) Le nn 


n—3 
+ see) 


or 
cat cat 
a (a 


+ o(1+2) (=> 
= (£2) fa ceeoptreaney (Otetee t+ 
ee] 


+ (l+2-t)"(t — 32-1) ( (i+n—0) 


where t = V (1+ 2)(1+ 5a). We omit the intermediate steps in the calculation above 


as they are lengthy and nothing useful is gained by having them. 


The Helm graph of order n is a graph on 2n + 1 vertices. This graph is formed 
by taking a Sunlet graph of order n and adding a central vertex which is connected 


to each vertex along the cycle in the Sunlet graph. We denote this graph H,,. 
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Figure 3.33 The 
helm graph of order 
3, Hs 


Table 3.15 The first 3 Helm graphs 


A i, Hs 


We find an expression for [(H,;x) by applying theorem 2.2 removing the central 
vertex. As an example, we apply the theorem in the way described to H3 in the figure 


below. 


Figure 3.34 Tree for H3. 


Upon applying the theorem to H,, we get SuL, in the left node, and we get the 


empty graph on n vertices in the right node. This gives that 


I(Ay; x) = I(SuL;x2) + x2(1+ 2)”. 


Al 


We have (a rather lenghty) closed-form representation of [(SuL,;x), and so this 
gives a closed form for [(H,;x) as well. Due to the length of the expression for 
I(SuLy;x) and the simplicity of the connection to I(H,;x), we omit the expression 


we get for I(H,; 2). 
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CHAPTER 4 


SMALLEST ROOT OF THE INDEPENDENCE POLYNOMIAL 


When dealing with polynomials, one will often want to determine what its roots are, 
or to give some bound on where its roots lie if one cannot determine them. In this 
chapter, we reproduce the results by Peter Csikvari (Csikvari 2013) to determine the 
smallest root of an independence polynomial. For convenience in the proofs to come, 
we consider an alternative definition of the independence polynomial. We define 
I(G; x) := I(G; —x). Since the roots of [(G; x) are exactly the negatives of the roots 
of I(G; x), we may speak of the roots of these polynomials synonymously. The goal of 
this chapter is to establish the value of the smallest root of [(G; x) and its uniqueness. 


We start by introducing a couple lemmas from complex analysis. 


Lemma 4.1. (Pringsheim’s theorem). If f(z) is representable at the origin by a 
power series expansion that has non-negative coefficients and radius of convergence 


R, then the point z = R is a singularity of f(z). 


Proof. Suppose that f(z) is analytic at z = R. Then there exists some ¢ > 0 such 
that f(z) is a sum of a convergent power series on |z — R| < € with coefficients b;. 
Then, since (Rk - <) _ R| < €, we have that 
f(2) = dn (2-R+ s) 
n>0 
is convergent on a small disk around R—§. Let f(z) = S¢ anz” be the representation 


n>0 
of f(z) at the origin. Then we have that on the small disk around R — $ 


Saye a (z-R+<). 


n>0 n>0 
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Now, for any natural number k, if we take the kth derivative we have that 


(k) \ &) 
ae = Des (z-R+<5) 
n>0 n20 4 


n) 5 n! e\n-k 
ae bile 2 Rae 
er ‘ & (n—k)! (2 +5) 


Evaluating the above expression at z = R — § gives us that 


®-E()e(e a 


Next, we substitute b, in our representation of f(z) about R — { and evaluate at 


z=R-+ { to get that 


(e+) =Ea(5) LE ()m(*-4) G)- 


k>0 k>0 n>0 


The above sum is absolutely convergent as all terms are non-negative, and so the 


order of summation can be changed. By the binomial theorem we have that 


As for |2|-<- RS; 


Ne as 


n>0 


<M aalz’ = a, (r+5) =r(r+5) < ©, 


n>0 n>0 


meaning the radius of convergence of >) a,2" is at least R+ 4. This is a contradiction, 


therefore z = R is a singularity of f. 


An alternative proof of the above theorem can be found in a book by Philippe 
Flajolet ( Flajolet and Sedgewick 2009). Flajolet also provides for us the following 
definition and theorem. For a sequence (f,,), we define Supp(f) := {k|f, A 0}. We 


say that (f,) admits a span d if for some r, we have 
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Supp(f) C {r,r+d,r+2d,...}. 


We call the largest such span, p, the period of the sequence, and all other spans 
are divisors of p. When p = 1, we say that the sequence is aperiodic. This connection 
is key in determining the value of the smallest root of the independence polynomial, 


as we will see later in this chapter. 


Lemma 4.2. Let f(z) be analytic in |z| < R and have non-negative coefficients at 
0. Assume that f does not reduce to a monomial and that for some non-zero s with 


|s| < R, we have |f(s)| = f(|s|). Then the following holds, 


i. the argument of s is commensurable to 27, that is s = |s|e” with 0/27 = 7 €Q 
andr <p with gcd(r, p) = 1; 
ii. f admits p as a span. 


Proof. For part (i) of the statement we investigate when the equality |f(z)| = f({z]) 


holds. Let the power series expansion of f(z) be 


S oe 
n=0 
We know that f does not reduce to a monomial, so we may assume that there are 
at least two monomials in the expansion of f. Let s = |sle? be a complex number 
satisfying |f(s)| = f(|s|). We claim that for all n € Supp(f) we have that the 
numbers a,,|s|"e'”® all fall on a common ray through the origin. We first show the 


claim for two terms and show it extends to the general case. For the equality 


|a;z? + a2'| = a;|z|? + az]! 
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to hold, it must be that a;z? and qj z! are parallel. This is so that the modulus of the 
sum achieves its upper bound given by the triangle inequality. In general we have 


that 


CO 
S- Ans” 
n=0 


< > ans"| + lajs? + ays'| < 3 ans"| + a;|s|? + as]! 

nea a 
Since we are assuming we have equality, we may repeatedly apply the argument for 
ae ‘n2 are on the 


the two term case. Let n1,n2 € Supp(f). Since ap,|sle’"" and a,,|sle 


same ray, we must have that n10 = n26 mod 27. This means that (n1—n2)0 = (27)m 
for some integer m. From this we deduce that 2 must be some rational number >? 
with 0 <r < p, otherwise the equality we obtain from the congruence is invalid. 

For part (ii) we use that 2 = = Let arbitrary n1,n2 € Supp(f). Then, as above, 
we have that 


6 r 
(n= na) >= = (ni —n2)—- =m, 


which only holds true if p | (n1 — n2). Therefore, f admits p as a span. 


Lemma 4.3. Let G and H be graphs and set 


Then ro(H,G) = 1 and 
i. If H is a proper induced subgraph of G, then r,(H,G) > 0 for k > 0, 
ti. If H is a proper subgraph of G, then r,(H,G) > 0 fork > 2 and r\(H,G) > 0. 


Proof. We start by proving part (i). To prove the statement, we induct on the order 


of G. In the base case we have |V(G)| = 1 and |V(H)| = 0. In this case, 
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It suffices to prove the statement for H = G — v for some vertex v € V(G) since 


if S = {v1, v2,...,v~n} C V(G), we have that 


1(G—§;2z) I(G — v1; 2) 1(G — {u, ve}; 2) _ T(G={01, «225 0n} 32) 


T(G;z)  ———s(G;z) 1(G — 1432) T(G — {uy,...,Up-1}5.2) 


By inductive hypothesis, each term except the first has a power series expansion 
in which all coefficients are positive. So, it remains only to show the statement holds 


for H = G-—v. To this end, we apply theorem 2.2 to get 


Gaye) I(G —v;2z) 
W(Gjz) ss W(G—v;z)— 2l(G— N[v};z) 
1 
~ 4 _ ,1(G=Nfe):2) 
1 2 ae U3) 


I(G — N[v}; z 


= 5 (AG Ney 


We now have two cases. In the first case, G — N[v] is a proper subgraph of G' — v, 


and in the second, G—N|v] = G—v. We first consider the case when G—N |v] 4 G—v. 
Since G'— N|v] is a proper subgraph of G'— v, we may apply the inductive hypothesis 


to see that all the coefficients are positive. On the other hand, if G— N|v] = G— 1, 


I(G-v;z) 1 


Gay and we again have all positive coefficients. 


we have that 


Next, we prove part (ii). As in part (i), we use proof by induction. This time we 
induct on the number of edges in G. In the base case, G is the empty graph on n 


vertices and H is the empty graph on k < n vertices. Then 


LEZ): - Ag) bon wa [F-R\, vg a(n -k-142) 
fe eae ->( i Je 2) a n—-k—-1 Je 


T(G\eiz) z) 


So the base case holds. As in (i), it suffices to prove the statement only for Gs) 


since if E(H) = E(G) — {e1,...,e,} and |V(G)| — |V(4)| = s we have 


AT 


I(H;z)  I(G\e1; z) 1(G\fe1, e2}) - T(G\fer, ...,en}i2) 1 


T(G;z) «(G;z) ss (G\ex;z) T(G\{e1,..., e€x-1}; 2) (1 -— z)° 
We know by the inductive hypothesis that each term above except for the first 


has a power series expansion with non-negative coefficients. So it remains to show 


that the first term satisfies (ii). To do this, we use theorem 2.4 to give us 


(G\ez) T(G\e; z) 
I(G; z) I(G\e; z) F 271(G — (N[u] U N[v]); z) 


_ ,21(G-(N[uJUN[v]);z) 
lz T(G\e;z) 


= (2A(G—(Nlu] U Ne); 2))" 
sree) 


where e = (u,v). Since G—(N|u]U N[v}) is a proper induced subgraph of G, we may 


apply part (i) to get the desired result. In fact, the s = 1 term suffices. 


Lemma 4.4. Let 3(G) be the convergence radius of Taw Ga: Then 3(G) is a root of the 
independence polynomial I(G; z), and it has the smallest modulus among the roots of 


I(G;z). Let H be a subgraph of G. Then B(G) < B(H). 


Proof. Let 
=dori(G 
Te z) x0 
Since [(@;z) = 1, we have that r.(G) = r.(0,G) > 0. Then by Pringsheim’s 


theorem 3(G), the radius of convergence of = is a root of [(G;z) with smallest 


CE 


possible modulus. To see the second part of claim, we consider the following identity. 


1  I(H;z) 1 
I(G;z) I(G;z) I(H;z) 
[(H;2) 
(Gz) has 


Suppose that H is a subgraph of G. Then the power series expansion of 


positive coefficients. We rewrite the above identity as follows: 
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Observe that ro(H, G) = 1. The above equation gives us that 


rAGy= Sorel A, G)r;(A) > ro(A, G)re( A) = rx (A). 


i=0 


And 


B(G) = lim inf r,(G)~/" < lim inf r,(H) = B(H). 


Lemma 4.5. Let G be a connected graph and let H be a proper subgraph of G. Then 
B(G) < B(H) and the multiplicity of the root B(G) in I(G;z) és 1. 


Proof. Let G be a connected graph and H a proper subgraph of G. To prove this 
claim, we induct on the number of edges. We consider two base cases. When |E(G)| = 
0, we must have |V(G)| = 1 forcing H to be the null graph. In this case, 6(G) = 1 
and 3(H) = oo, and since I(G; z) = 1 — z, the multiplicity of the root 6(G) is 1. In 
the second case, |E(G)| = 1 and H is either the empty graph on 1 or 2 vertices or the 
null graph. This gives that 6(G) = 1/2 < 1 = B(A) or B(G) = 1/2 < w = P(A), 
and since I(G; z) = 1—2z the multiplicity of the root 3(G) is 1. So the claim holds in 
the base cases. Assume it holds for graphs with up to k — 1 edges. Let G be a graph 
with k edges. It suffices to prove that G(G) < 6(G\e) for some edge e = (u,v). The 
above claim gives us that 3(G') < 6(G\e) so we need only prove that 6(G) 4 6(G\e). 


Suppose for the sake of contradiction that 6(G) = G(G\e). By theorem 2.4 we have 
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I(G;z) = 1(G\e;z) — 2 1(G — (N[u] UN[e));2). 


Since B(G) = 8(G\e) is a root of I(G; z) and I(G\e; z), we find that 8(G) is also 
a root of 1(G — (N[u] U N[v]);z). If G\e is connected, G — (N[u] U N[v]) has less 
edges than G'\e and so 3(G\e) < 6(G—(N|u]UN|v])), a contradiction. On the other 
hand, if G\e is not connected, then without loss of generality G\e = H, U Hp» for 
some disjoint connected graphs H, and H2. Suppose that u € V(H;) and v € V(Ad). 


Then we have 


G — (N[u] U N[v]) = (Ai — N[u]) U (Ae — NIvJ). 


This gives 


B(G\e) = min{5(A,), B(H2)} < min{@(—N[u]), 8(Aa—N|v])} = B(G-(N[uJUN|[o})). 


Again we have a contradiction. Therefore, 5(G) < 6(H). To see that the root 
G(G) has multiplicity 1, we show that it is not a root of the derivative. A simple 
modification of theorem 2.6 through the chain rule gives the following expression for 


the derivative of I(G; z). 


Sue x I(G — N[v);2) 


veV(G) 
Since 3(G) < 6(G—N|v]), we have that [(G—N|[v]; z) is positive for z € [0, 3(G)]. 


In particular, we have have 


-I'(G;B(G)) = Yo UG- Np], 6(G)) > 0. 
veV(G) 


Hence, 6(G) is not a root of I’/(G; z) and so is a root of [(G; z) of multiplicity 1. 


This concludes the proof of the claim. 
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Theorem 4.6. Let a be a root of the independence polynomial I(G; z) different from 
B(G), then |a| > B(G). 


Proof. Let G be a graph. We may assume that G is connected, since otherwise the 
roots of I(G; z) are the union of the roots of J(H,;z) for each connected component 
H;. If |V(G)| < 1, the claim holds trivially. Assume that |V(G)| > 2 and let 
v € V(G). Since |V(G)| > 2, G— N{v] is a proper subgraph of G — v, giving us that 
B(G —v) < B(G — N|v]). Consider the identity 


(z) := I(G—v;z) | Kea) = 
9\2) = 1(G; 2) | A(G—v2)-2A(G—Nivj2) 1 — 2G Nel’ 
and define 
_ WG -N{vj;2) 
Tet I(G —v;2z) 


Since 6(G — v) < B(G — Nlv]), the radius of convergence of f(z) is 6(G — v). 
Observe that f(z) has all positive coefficients by lemma 4.3(i). Let a be a root of 
I(G;z) with |a| = 6(G). Since B(G) < B(G —v), a is not a root of I(G — v;z). 
This gives us that a is a singularity of g(z), and so f(a) = 1. Immediately, we get 
that |f(a)| = 1. By the same argument, f(|a|) = f(G(G)) = 1. Hence, |f(a)| = 
f(la|). Since f(z) has all positive coefficients, we may use lemma 4.2 to see that 
a = jale?™"/? = B(G)e?"""/?, We also know that f(z) is aperiodic since all of its 
coefficients are positive, giving us that p = 1 (recall that p is the period, and an 


aperiodic function has period 1). Therefore a = 6(G)e?™” = 8(G), giving us that 


8(G) is the unique root of [(G; z) of modulus 3(G). 
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CHAPTER 5 
ROOTS OF INDEPENDENCE POLYNOMIALS OF 


CLAW-FREE GRAPHS 


In this chapter, we explore a very surprising property of graphs which do not have a 
claw as an induced subgraph. A claw is a graph with vertex set V = {v1, v2, v3, va} 
with edge set EF = {(v1, v2), (Vi, v3), (v1, v4) }. We say that a graph G is claw-free if 
no induced subgraph of G is a claw. When a graph is claw-free, the following result 
holds. For the duration of this chapter, we shall follow the work of Maria Chudnovsky 
and Paul Seymour (Chudnovsky and Seymour 2007) to build up lemmas which allow 


us to prove this result. 
Theorem 5.1. If G is claw-free then all roots of I(G;x) are real. 


This property is particularly nice since it is not very computationally intensive 
to determine if a graph a claw-free; we only need to check (") induced subgraphs of 
G, which is just a polynomial number. The above theorem is a generalization of a 
result by Ole Heilmann and Elliot Lieb (Heilmann and Lieb 1972) which proves that 
the independence polynomial of a line graph has all real roots. One can see that all 
line graphs are claw-free by examining the definition of a line graph. The line graph, 
L(G), of a graph G is formed by interchanging the edge set and vertex set, and two 
vertices in L(G) are adjacent if and only if the corresponding edges in G' share a 
vertex. If a line graph contains a claw, then there is an edge in G that is incident 
to 3 other edges. However, the vertices in L(G) corresponding to these 4 edges will 


induce a K4, and hence L(G) cannot have a claw. 
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In the proof of theorem 5.1 we will induct on the order of G. Then applying 
theorem 2.2, we have [(G;z) = I(G — v;x2)+21(G — Nl[v];z). By the inductive 
hypothesis, each term in this sum would have all real roots. The problem we encouter 
is that it is not in general true that the sum of two polynomials with real roots yields a 
polynomial which has all real roots. An example of this is f(z) = x? and g(x) = x+1. 
We have f(0) = 0 and g(—1) = 0, but the equation f(x) + g(x) = 2? +2+1 has only 
non-real roots. To get around this problem, we prove a stronger statement involving 
the notion of compatibility. 

Let fi(x),... f(x) be a set of polynomials with real coefficients. We say that the 
polynomials are compatible if for all c; > 0 we have that all the roots of > Ci fi(x) 
are real. Additionally, we say that the functions are pairwise Soipatible it for all 


i,j € {1,...,k} we have that the f;(~) and f;(a) are compatible. Now we prove 


several lemmas regarding pairwise compatible polynomials. 
Lemma 5.2. If the polynomials f and g are compatible then so are their derivatives. 


Proof. We first observe that between each pair of roots in a polynomial p(x), there is 
a root of its derivative p’(x). Since for all c, and cp > 0 we have that c, f(x) + c2g(x) 


is a polynomial with all real roots, its derivative c, f’(x) + c2g'(x) is a polynomial with 


all real roots. Hence, f’(x) and g/(x) are compatible. 


Lemma 5.3. If f and g are compatible polynomials with positive leading coefficients 


then |deg(f) — deg(g)| < 1. 


Proof. We induct on min{deg(f),deg(g)}. In the base case, we have f(x) = c is 
a constant function. Since the leading coefficient of f(x) is positive, we have c > 
0. Then, if we choose c; large enough, the polynomial cic + 1- g(x) has only one 
real zero. This is a consequence of g(x) also having a positive leading coefficient. 


This implies that g(x) cannot have a degree greater than 1. So, deg(g) < 1 and 


| deg(f) — deg(g)| < 1. 
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Now assume that both f and g have degree at least 1. By the above lemma, f’ 


and g’ are compatible. Then we have 


| deg( f) — deg(g)| = | deg(f") — deg(g’)| < 1, 


thus completing the induction and proving the lemma. 


For the next lemma, we introduce a new notation. Let f(z) be a polynomial, we 
denote n;(x) to be the number of real roots of f(#) in the interval [x, oo), counting 
multiplicities. We say that f and g agree at a point a if f and g are both non-zero 


and both have the same sign. 


Lemma 5.4. Jf f and g are compatible polynomials that agree at a and b for some 


a <b, then 


m(b) — nz(a) = ng(b) — g(a). 


Proof. Let t € [0,1] and define p;(x) = tf (x) + (1 —t)g(a). Since f and g agree at a 
and b, p,(x) cannot have a root at a or b since the following equality would hold for 


any root x of p;,(z). 
(t — 1)9(2) 
; 


f(«) = 
Evaluating the above expression at x = a,b gives a contradition with the sign of 
f(a) and f(b) since (t-— 1) < 0, t > 0, and g agrees with f at x = a,b. For 
t € [0,1], the roots of p,;(~) move continuously with t in the complex plane. Since 
f and g are compatible, the roots of p;(a) move continuously in the real line. This 
implies that the number of roots of p;(a) in the interval (a, b) does not depend on our 
choice of t, otherwise we would have that for some ft, either a or b is a root of p,(z). 
Next we consider the polynomials po(x) and pi(x). The polynomial po(x) = g(x) 
has n,(b) — ng(a) roots in (a,b), and pi(x) = f(a) has np(b) — n¢(a) roots in (a,b). 


Since the number of roots of p;(a) is independent of t, we have that n f(b) — np(a) = 


Mg(b) — ng(a). 
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Lemma 5.5. Let f,g be compatible polynomials with positive leading coefficients. 


Then |n-(z) —ng(x)| <1 for all x. 


Proof. We shall proceed by induction on max{deg(f), deg(g)}. Clearly the base cases 
hold since if max{deg(f), deg(g)} < 1 then |n;(x) — n,(x)| < 1. Assume the re- 
sult holds for max{deg(f),deg(g)} < n and let f and g be polynomials such that 
max{deg(f), deg(g)} = n. Without loss of generality, we may assume that f(z) 
and g(x) have no roots in common, since otherwise we could factor out the great- 
est common divisor which preserves compatibility. Suppose to the contrary that 
N¢(XLo) — Ng(Xo) > 2 for some x. We can safely assume that xo is a root of f. Fur- 
thermore, we can choose 2p such that it is the largest such root. Since xg is a root 
of f we know that xo is not a root of g as we have assumed that f and g have no 
common factors. 

Next we show that n;(x%o) — ng(%o) = 2 by contradition. Suppose that n(x) — 
n,g(%o) > 3. Recall that between every two real roots of a polynomial lies a root of 


its derivative. Then n p(x) = n¢(ao) — 1 and ny (x) < ng(xo). This gives that 


ny (Xo) — Ng (20) = nz(x) — ng(x) — 1 2 2. 


But, since max{deg(f’), deg(g’)} < n and so by the inductive hypothesis |n (xo) — 
Ng(Lo)| < 1, a contradiction. Hence, |ns(xo) — ng(x%o)| = 2. 

Now choose y; strictly greater than all the roots of both f and g. Since both f 
and g have positive leading coefficients we have that f and g must agree at y,. Since 
both f and g have positive leading coefficients and |ns(xo) — ng(Xo)| is even, we can 
find some yg < x such that f and g agree at yo and neither f nor g have a root in 


the interval [y2,2%o). This implies - as nf(yi) = ng(y1) = 0 - that 


np (ye) — n¢(Y1) F Ng(Y2) — Ng(y1) 


59 


since f has an extra root in the interval [y, y,]. This contradicts the previous lemma, 


thus |n¢(%o) —7Ng(%o)| A 2. Therefore, |n¢(xo) —ng(%o)| < 1 completing the proof. 


For the next lemma, we introduce the idea of an interleaver. We say that for 
two decreasing sequences {a;}', and {b;}"_, that the first interleaves the second if 
n<m<n+tland {aj, bi, a2, b2,...} is another decreasing sequence. 

Let {ri,..-,Taeg(f)} be the decreasing sequence of roots of f, call this this the 
root sequence of f. A common interleaver for a set of k € N functions f),..., f, isa 


sequence which interleaves the root sequence of each of these functions. 


Lemma 5.6. Let f(x), g(x) be polynomials with all real roots. They have a common 


interleaver if and only if \np(x) — ng(x)| <1 for all x. 


Proof. (=>) Let x be a number bigger than all the roots of f and g. Then n(xo) = 
n,(«o) = 0. Then as we move z to the left of x9 we clearly have that |n-(a)—n,(x)| < 
1. 

(<=) We can form a decreasing sequence by merging the root sequences of f and 


g. Since |n p(x) — ng(x)| < 1 for all x, we can find a common interleaver by taking 


every second term in this sequence. 


Lemma 5.7. Let fi(x),..., f(a) be polynomials with positive leading coefficients and 


all real roots. Then the following statements are equivalent: 


1. fi,..., fe are pairwise compatible, 


2. for all s,t such that 1 <s <t <k, the polynomials f.,, f, have a common 


interleaver, 
3. fi,..., fe have a common interleaver, 


4. fi,..-,f% are compatible. 
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Proof. Let fi(x),..., fy(x) be polynomials with positive leading coefficients. For con- 
venience we denote d; = deg(f;). For each 1 <i < k let {pitty be the decreasingly 
ordered root sequence for f;. When d; > 1 we define the intervals Ij,...,  Ii,,, by 


T= [r00) 5 ig (S005 ),.amd if = eal for 2 < 7 <d;. On the other 


hand, when d; = 0, let ri = R. 


(l>2) 

Let 1<s<t<k be distinct integers. By lemma 5.3 we have that min{d,, d:} > 
max{d,,d,} — 1. If we can show that for any 1 < j < min{d,,d,} + 1 we have 
Od ; # (), we may choose a point from each of these intersections to construct a 
suitable interleaver. Suppose to the contrary that at least one of these intersection is 
empty. Let j be the smallest such that [7M J; = @. By definition of Jf and Ij, their 
intersection can never be empty, so 7 > 2. Without loss of generality, assume that 
eas eae Then, since [7M I = ( we have that (ia Nes r < ane However, 
then we have |ny,(7}) — ny,(r5)| = 2, contradicting lemma 5.6. Therefore, we can find 


an interleaver of f, and ft. 


(230) 


From (1), we have that gy + tor all ‘exe 62-4. Gnd for all fy 


max;{d;}. Since intervals in R have the Helly property, we can apply Helly’s theo- 


rem (Helly 1923) to show that for all j (1 < 7 < max;,{d;}) aha # (). Then we may 


choose points p; from these intersections to construct an interleaver {pens 


j=1 
(ateeere e 


for 


(354) 
To prove this we induct on max;{d;}. In the base case, the max degree is 1. Let 


C1,...,C, > 0 and f(x) = W*, a fi(x). If ¢ = 0 for all i then f trivially has all real 
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roots. Assume that c; 4 0 for all least one 7. Since the max degree is 1, every f; has 


the form f; = mx + b; and at least one m; # 0. Solving f(x) = 0 gives 


k 
per C0; 


a Tea CM 

Since the leading coefficient of each f; is positive, and at least one c; # 0, x exists and 
is real. So fi,..., f; are compatible. Assume that the result holds for max;{d;} = d. 
Let max;{d;} = d+ 1. If each f; has a common root 2, then by the inductive 
hypothesis fe. has all real roots, as by lemma 5.6 they do have a common interleaver. 
Assume that there is no common factor. By lemma 5.6, we have that d—1 < d; < d. 
Let {p;}¢_, be a common interleaver for the f;. 

Fix 1 <4 & Ae. Recall fie) = sy c;f;(~). We can assume without loss of 
generality that all c;’s are positive. Since the leading coefficient of f;(x) is positive, 
we have for 1 < j < d that f(p;) > 0 if j is odd and f(p;) < 0 if j is even. Since 
we assume that there is no common root between the f;, f;(p;) #0 and so f(p;) > 0 
if 7 is odd and f(p;) < 0 if 7 is even. This implies that between each p; and pj+1 
there is a root r;. So f(x) has at least d real roots. This implies that that f(x) has 


exactly d+ 1 real roots since deg(f(z)) = d+ 1 and complex roots come in pairs. 


This completes the induction, and we have that f;,..., f, are compatible. 


(4> 1.) 
Letl<s<t<k. Takec,,c > 0 and c; = 0 fori ¢ {s,t}. Since fi,..., f, are 


compatible the polynomial f(x) = *_, cfi(x) = es f(x) + ef i(x) has all real roots. 


Then f, and f; are compatible. Therefore, f1,..., f, are pairwise compatible. 


For the next lemma, we expand on the definition of a clique and introduce the 
idea of a simplicial clique. A simplicial clique K is a clique in which for every k € Kk, 


we have that N[k] — K is itself a clique. 
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Lemma 5.8. Let G be a claw-free graph and let K be a simplicial clique in G. Then 


N\|v| — K is a simplicial clique inG—K for allvue K. 


Proof. Let K be a simplicial clique in G. Then N[k] — Kk is a clique for every 
k € K. Suppose that N[k] — K is not a simplicial clique in G— Kk. Then there 
exists some v € Nk] — K such that N[v] — (K U N[k]) = N[v] — NIA] is not a 
clique. Since Niv] — Nk] is not a clique, there exist two non-adjacent vertices x 
and y in N[v] — N[k]. Observe that neither x nor y is adjacent to k since otherwise, 
x,y € N[v] — N|k]. However, in this case, the vertices {v,k,x,y} induce a claw in 


G. This contradicts our assumption that G is claw-free. Therefore N[k] — Kk is a 


simplicial clique in G — K as desired. 


We say that G is real-rooted if for every induced subgraph H of G, all roots of 


I(H; x) are real. We wish to prove that every claw-free graph is real-rooted. 


Lemma 5.9. Let G be a real-rooted claw-free graph, then 


i. for every two simplicial cliques K,L in G, the polynomials I(G — K;x) and 


I(G — L;x) are compatible, 


ti. for every simplicial clique K, the polynomials I(G;x) and «I(G — K;2x) are 


compatible. 


Proof. We prove the statement by induction on |V(G)|. In the base case there is 
nothing to prove. Let |V(G)| = and assume that both results hold for graphs of 
smaller order. Let K and L be simplicial cliques in G. If K UL = 0, I(G — K;x) = 
I(G;z) = I(G —L;x). Since G is real-rooted I(G;x) has real roots, and so it is 
compatible with itself. Assume that KUL 4 @. For convenience, let H = G—(KUL). 


Then by corollary 2.3, applied to G — L and G — K respectively, we have 


I(G-—L;x)=1(G—H;x)+ YS) cl(H — Nalvl;z) 


veK-L 
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and 


I(G—K;2)=I(G—H;x)+ S> xl(H — Nalv);2). 


veL-K 
By lemma 5.7, in order to show that [(G — K;x) and I(G— L; x) are compatible, 


it is enough to show that for every u,v € K UL that [(G— H;x),a21(H — Nylul; x), 
and «I(H — Ny[v|;x) are pairwise compatible since each of these polynomials have 
positive leading coefficients. Since |V(H)| < |V(G)|, we may apply the inductive 
hypotheses. By lemma 5.8, Ny|v] is a simplicial clique and by assumption of (iz), 
I(H;x) and «I(H—Ny|v|; x) are compatible. By assumption of (i), c1(H — Ny|ul; x) 
and «I(H — Ny|v];x) are compatible. Hence [(H; x), 7I(H — Nuy[u]; x), and «I(H — 
Ny|v|; x) are compatible, proving (7). 

Next we prove (iz). Since K UL £ 0, either K 4 9 or L 4 Q. Without loss of 


generality, assume that K 4 (). By corollary 2.3 we have 


I(G;x) =1(G— K;x) + S> «l(G— N{v};2). 


vek 
Then by lemma 5.7 it is enough to show that /(G—K;x), «lI(G—K;x), xl(G— 


N{u];x), and I(G — N|v];x) are pairwise compatible for u,v € K. Since G is real- 
rooted, the roots of [1(G — K;2) are real and so 1(G — K;x) and rI(G — K;x) are 
compatible. By lemma 5.8, N[u] — K is a simplicial clique in G — K, and applying 
the assumption of (i) to G— K, we get that 2I/(G — K;x) and rI(G — N|ul;x) are 
compatible. Applying (7) with L = @ gives that xI(G— K;x) and I(G— Nu]; x) are 
compatible. Also by lemma 5.8 and (i) we have «1(G— N[u];x) and x1(G — N{v]; x) 


are compatible. Therefore, the functions as a whole are compatible, completing the 


proof of (i). 


Lemma 5.10. Let G be a claw-free graph, and let v € V(G) such that G — v is 


real-rooted. Then the polynomials I(G — v;x) and «I(G — N|v];x) are compatible. 
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Proof. We prove the statement by induction on |G|. In the base case |V(G)| = 2. 
Then [(G—v; x) = 1+ and either cI(G—N |v]; x) = x(1+2) or cI(G—N|v]; xz) = 2. 
Either way, the two functions are compatible. Let |V(G)| = n and assume the result 
holds for smaller orders. Let v € V(G). If v has no neighbors then G—v = G— N{v]. 
Since G — v is real-rooted, [(G — v;x) has all real roots and so I(G — v;x) and 
xI(G — N{v];) are compatible. Assume that there is some vertex u adjacent to v. 
Let H =G—(N[u] N N[vI). 

We claim that Ny[u] and Ny[v] are simplicial cliques in H. We first show that 
Nyl|u| (and similarly Ny|v]) is a clique. Suppose that there are two non-adjacent 
vertices x,y € Nulu]. Since z,y € H, x,y € Nlv]. So {u,v, x,y} induces a claw, 
a contradition. Hence Ny{u] and Ny[v] are cliques. Suppose that Ny[u] is not a 
simplicial clique. Then there exists some w € Nu] such that Ny[w] — Ny|u] is not 
a clique. Since Ny[w| — Nz[u] is not a clique, we can find two non-adjacent vertices 
sand t. Then {w,u,s,t} induces a claw, another contradiction. Argue similarly for 
Ny|v|. Therefore Ny[u] and Ny|v] are both simplicial cliques. 


By theorem 2.2 applied to G — v, we know that 


I(G —v;x2) =1(G — {u,v}; 2) + 21(G — N[ul;2). 


Since these functions all have positive leading coefficients, by lemma 5.7 it is enough 
to show that [(G — Nlv];x), I(G — {u,v};z), and zI(G — N[u];x) are pairwise 
compatible. We already have that [(G — {u,v};~) is compatible with both /(G — 
N{u];x) and I(G — N{v]; x) by the inductive hypothesis applied to G — u and G — v 
respectively. Since Ny|u] and Ny[v| are both simplicial cliques in H by our claim, we 


can apply lemma 5.9 to get that J[(G — N|u];x) and I(G — N{v];a) are compatible. 


Therefore, the functions are compatible, completing the proof. 


Proof of theorem 5.1 
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Proof. We prove the statement by induction on |V(G)|. In the base case |V(G)| = 1 
and I(G;x) = 1+ has real roots. Let |V(G)| = n and assume that the result holds 
for claw-free graphs of smaller order. Let v € V(G). If vu has no neighbors, then 
I(G —v;x2) = I(G — N|v];z) and I(G;z2) = (1+ 2)1(G —v;z). By the inductive 
hypothesis, [(G — v;) has all real roots and so does I(G; x). 

Assume that u is some vertex adjacent to v. Again by the inductive hypothesis, 
I(G —v;2) has all real roots. Now, by the previous lemma, [(G — v; x) and rI(G — 
N{v]; xz) are compatible. Therefore, [(G; xz) = I(G — v;x) + 21(G — N{v]; x) has all 


real roots. 
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